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Abstract. We analyze the fidelity of a deterministic quantum phase gate
for two photons counterpropagating as polaritons through a cloud of Rydberg
atoms under the condition of electromagnetically induced transparency (EIT). We
provide analytical results for the phase shift of the quantum gate, and provide an
estimation for all processes leading to a reduction to the gate fidelity. Especially,
the influence of losses form the intermediate level, dispersion of the photon wave
packet, scattering into additional polariton channels, finite lifetime of the Rydberg
state, as well as effects of transverse size of the wave packets are accounted for.
We show that the flatness of the effective interaction, caused by the blockade
phenomena, suppresses the corrections due to the finite transversal size. This is a
strength of Rydberg-EIT setup compared to other approaches. Finally, we provide
the experimental requirements for the realization of a high fidelity quantum phase
gate using Rydberg polaritons.
PACS numbers: 34.20.C,32.80.Ee, 42.50.Gy, 42.50.Nn
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Introduction — Photons interact extremely
weakly with each other, propagate with the speed of
light and provide a high bandwidth. These three fea-
tures make photons an excellent carrier of informa-
tion. However, for applications in quantum informa-
tion processing [1], interactions on the level of sin-
gle quanta are necessary. Such interactions can be
achieved by coupling photons to matter [2, 3, 4, 5, 6].
Especially, Rydberg-EIT (rEIT) has emerged a promis-
ing approach [7, 8, 9, 10, 11, 12, 13] visible in great
experimental [14, 4, 15, 16, 17, 18, 19, 20, 21, 22,
23, 24, 25, 26, 27, 28] and theoretical [29, 30, 30,
31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44,
45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55] progress.
A photonic quantum phase gate using Rydberg-EIT
in a counter-propagating setup was first discussed by
Friedler et al. [56] and an extended description was
shown by Gorshkov et al. [30]. However, a study in-
cluding all effects that decrease the fidelity of the phase
gate, as well as, a discussion of a specific microscopic
setup is still missing. Here, we attempt to fill this gap
by analyzing within a microscopic description the dif-
ferent source for a reduction in gate fidelity in a realistic
setup.
Recently, a few alternative approaches for a
quantum phase gate have emerged [57, 58], which were
motivated (at least partially) by the belief that the link
between propagation and interaction [59, 60] precludes
high-fidelity gates whenever a cross-phase modulation
(XPM) on a single photon level is used. However,
for the Rydberg-EIT setup the interaction between
Rydberg polaritons has a finite range and Rydberg
polaritons acquire an effective mass in addition to the
linear slow light velocity, and therefore the proposed
no-go theorems [59, 60, 61] do not apply [55].
The effective interaction between Rydberg polari-
tons has an important feature, namely that the inter-
action potential is flat [40] for distances smaller than
interaction range (called blockade radius which is on
the order of 10µm). This feature could in principle
enable a phase gate in a copropagating configuration,
which in general is characterized by longer interaction
times and therefore could enable greater phase shifts.
However, the condition of a homogeneous phase shift
requires compression of photons to the size of the block-
ade radius. This violates the conditions for neglecting
the mass term which depicts the quadratic corrections
to the polaritonic dispersion relation. In turn, adding
the mass term leads to strong mode distortion pre-
cluding the realization of a photonic quantum gate in
a copropagating setup. Thus, the phase gate might be
possible only if photons pass each other by for exam-
ple being counter-propagating [62, 63, 56, 64] or having
different group velocities [65].
In this manuscript, we study a quantum phase
gate for photons in a counter-propagating setup using
the microscopic theory describing the Rydberg slow
light polaritons. The main focus is on providing an
analytical expression for the imprinted phase, as well as
a detailed analysis of different sources for a reduction in
the gate fidelity. In addition to standard effects such as
losses from the intermediate state and Rydberg levels,
we also include propagation effects such a dispersion
of the wave packet and energy dependence of the
phase shift, as well as the influence of scattering into
different polariton channels. Note, that our approach
does not rely on semiclassical approximations recently
applied [36], but is based on the full microscopic
quantum description for two photons. We provide the
experimental requirements for the realization of a high
fidelity quantum phase gate using Rydberg polaritons.
General concept— The qubit is encoded in the
polarization of the photons, and the excitation into the
Rydberg levels depends on this polarization [20], Then,
photons within the Rydberg medium are propagating
as Rydberg polaritons, see Fig. 1. After passing
each other, they pick-up the phase shift due to the
strong interaction between Rydberg atoms, leading
to the interaction induced phase shift only between
photons having a specific polarization. We will discuss
a microscopic setup in detail at the end of the
manuscript. We define the fidelity F and phase shift φ
of the gate using the overlap between the two-photon
wave-functions with (EE) and without (EEV=0) the
interaction V between the polaritons:√
Feiφ =
〈EEV=0∣∣EE〉. (1)
Our definition of the fidelity includes all detrimental
effects and is more restrictive than commonly used [66,
36] conditional-fidelity in which two output states are
normalized [67],√
Fconde
iφ =
〈EEV=0∣∣EE〉 / 〈EEV=0∣∣EEV=0〉 . (2)
We will identify the leading contributions to the fidelity
by different physical phenomena
F = (βγ βsc βwp βat βRy βtr)
2
. (3)
Here,
• βγ accounts for the spontaneous emission from the
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Figure 1. (a) The probe field couples the atomic ground state
|G〉 to the p-level |P 〉 with the single-particle coupling strength
g0, while a strong coupling laser drives the transition between the
p-level and the Rydberg state |S〉 with Rabi frequency 2Ω and
detuning δ. Furthermore, γ denotes the halfwidth of the p-state
and γs the halfwidth the s-state. The single-particle coupling
g0 is related to the collective coupling g =
√
natg0 with nat the
particle density. Note that the kinetic energy of the photons
±~cq± accounts for the difference to the EIT condition, and in
the position space takes the form ∓i~c∂z . (b) Photon entering
the EIT medium is compressed by factor vg/c. For pulses shorter
than the length of the medium, photons enter the medium
without backscattering and losses because interaction between
polaritons can be neglected and spatial density variations are
smooth on the scales of photonic wavelength. (c) Two counter-
propagating polaritons inside the medium. (d) In the center
of mass frame, the problem simplifies to the scattering on the
effective potential V eff(r), which leads to the interaction induced
phase shift.
intermediate p-level caused by the interaction,
• βsc accounts for scattering into additional polariton
channels,
• βwp includes the impact of the finite length of the
wave-packets on (a) the losses from p-state during
propagation and (b) the inhomogeneous interaction-
induced phase-shift
• βat describes the distortion of the phase shift due to
spatially varying atomic density,
• βRy denotes losses due to the finite lifetime of the
Rydberg state, whereas
• βtr depicts finite beam waist effects leading to
scattering of photons to other transversal photonic
modes.
At this point it worth mentioning the family of
phase-gate schemes in which at least one photon [58,
57, 27, 68, 69, 70] is stored as a collective atomic
excitation. This type of schemes is superior compared
to counter-propagating scheme when it comes to the
βsc and βwp in equation Eq. 3. However, such quantum
gates suffer from an additional factor decreasing the
fidelity, which accounts for the finite storage and
retrieval probability of the photons; for an efficient
storage and retrieval [71, 72, 73], such schemes can
be preferable in some circumstances.
Propagation inside the medium: First, we consider
photons characterized by a single transverse mode
propagating through an atomic ensemble [74] where
the atomic ground state is coupled to a Rydberg
s-state via an intermediate short-lived p-state, see
Fig. 1(a). We introduce the electric field operators
Eˆ†+(z) and Eˆ†−(z) creating at position z photons
propagating to the right and left, respectively. For
the atomic density much higher than the photonic
density, the excitations of atoms generated by right-
and left- moving photons into s-level and p-level
are well-described by the bosonic field operators
Sˆ†±(z) and Pˆ†±(z), respectively [30]‡. Then, we
obtain the non-interacting part of the microscopic
Hamiltonian [30, 40], i.e., H++H−, under the rotating-
wave approximation within the rotating frame, where
H± = ~
∫
dz
 Eˆ±Pˆ±
Sˆ±
† ∓ic∂z g 0g ∆ Ω
0 Ω 0
 Eˆ±Pˆ±
Sˆ±
 .(4)
Here, g denotes the collective coupling of the photons
to the matter via the excitation of ground state atoms
into the p-level, while 2Ω denotes the Rabi frequency of
the control field between the p-level and the Rydberg
state, Fig. 1. Note that the kinetic energy of the
photons ∓i~∂z accounts for the deviation from the
EIT condition. We introduced the complex detuning
∆ = δ − iγ, which accounts for the detuning δ of the
control field and the decay rate 2γ from the p-level.
Since we are interested in two counter-propagating
polaritons, the interaction between the Rydberg levels
is described by
Hrr =
∫
dz
∫
dz′ V (z − z′)Sˆ†+(z)Sˆ†−(z′)Sˆ−(z′)Sˆ+(z).
The full scattering of the two photons inside the
media is well accounted for by the T -matrix. As
the interaction acts only between Rydberg states, it
is sufficient to study the T -matrix for the Rydberg
states alone, which is denoted as Tkk′(K,ω). Here,
~K = ~(q++q−) denotes the center of mass momentum
and ~ω the total energy, while ~k′ (~k) is the incoming
(outgoing) relative momentum. Note, that the total
energy ~ω as well as the center of mass momentum ~K
are conserved in our system. The resummation of all
ladder diagrams [40] leads to the integral equation
Tkk′(K,ω) = Vk−k′+
∫
dq
2pi
Vk−qχq(K,ω)Tqk′(K,ω).(5)
The full pair propagator of two counter-propagating
polaritons and its overlap with the Rydberg state takes
the form
χq = χ¯+
αD
~kD(K,ω)− ~q + i0+ +
4∑
j=1
αj
~kj(K,ω)− ~q + i0+ .(6)
‡ For example, slowly varying field operators Pˆ± are defined via
Pˆ(z) = Pˆ±(z)e∓ikpz+iωpt where Pˆ is the field operator before
going to the rotating frame whereas ωp = ckp is the carrier
frequency of the probe field.
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and is shown in Fig. 2(b). Here, χ¯ accounts for the
saturation of the pair propagation at large relative
momenta ~q → ±∞, and takes in the relevant regime
Ω |∆| the form
χ¯(ω) =
∆
2~Ω2
1
1 + ω∆2Ω2
. (7)
The second term in Eq. 6 is the pole structure for the
propagation of the two incoming dark-state polaritons.
The general expression of αD and kD are complicated,
therefore we provide below its analytical form only
in the experimentally relevant regimes. The last
sum accounts for the resonant scattering of the two
incoming dark polaritons into four outgoing channels
containing at least one bright polariton, see Fig. 2.
Note that in contrast to the copropagating equation,
where the massive-like behavior can be neglected only
in certain regimes [55], here, the kinetic part is always
linear in the relative momentum. Thus, the large phase
shift is possible without a drop of the fidelity caused
by the distortion of the wave-packet shape, as well as,
we can derive analytical results.
In the following, we derive the scattering phase
shift during the collision of two dark polaritons. The
first important step is to notice the relation between
the scattering wave function ψssk′ (r) describing the
amplitude to find two Rydberg excitations for the
incoming relative momentum k′,
ψssk′ (r) =
1
V (r)
∫
dk
2pi
eikrTkk′ ≡ Tk
′(r)
V (r)
, (8)
which follows from the close analogy of Eq. (5) to
the Lippmann-Schwinger equation in the scattering
theory [40]. Note that for photons of interest close to
EIT resonance (i.e., |K|, |k′|  g2/|δ|c) and for |r|  ξ,
we have ψssk′ (r) =
g2
Ω2 EEk′(r). In the next step, we
absorb the saturation χ¯ by introducing the effective
interaction potential [40]
V eff(r) =
V (r)
1− χ¯(ω)V (r) . (9)
The effective interaction potential saturates for short
distances at −1/χ¯ and is characterized by the blockade
radius ξ, which for a van der Waals interaction takes
the from ξ = (|C6∆/2~Ω2|)1/6. Then, Eq. (5) for the
T -matrix simplifies to
Tkk′ = V
eff
k−k′ +
∫
dq
2pi
V effk−q
[
χq − χ¯
]
Tqk′ (10)
and includes the contribution from all different poles
in the two-particle propagator.
Finally, we focus on the experimentally relevant
regime described by slow light polaritons g  Ω with
large single photon detuning |∆|  Ω. Then, the
last term in Eq. (6) describing scattering into a bright
polaritons is strongly suppressed for small energies
|ω| ≤ 2Ω2/|∆|; the influence of these additional
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Figure 2. (a) Dispersion relations for the right- and left-
propagating fields are shown using the property that −α (−p) =
+α (p), see Eq. 4, and therefore the curves overlap. For each
direction of propagation, three noninteracting polariton branches
exist. Two dark state polaritons (denoted by stars) can scatter
into four channels, each represented by the different colour
of arrows. Solid lines correspond to right-propagating and
dashed lines to left-propagating polaritons. Note that the
total momentum ~K and energy ~ω are conserved during the
scattering process. Strongly suppressed losses into two bright
polaritons are described by light and dark brown arrows. Crucial
losses into bright-dark polariton pair are depicted by red and
purple arrows. (b) Full pair propagator χ in the function of
relative momentum ~cq. Vertical lines depict relative resonant
momenta with colors corresponding to colors of arrows and stars
from figure (a). Note that both light and dark brown resonances
are so narrow that cannot be resolved in the plot, and that
resonance for pair of dark polaritons (orange) is much wider
than purple and red resonances. All results are presented for
g = 3 δ, δ = 3 Ω, γ = 0, ω = 0.1× 2Ω2/δ,K = −0.4 g2/δc.
processes on the gate fidelity can be discussed within
perturbation theory, see below. In the leading order,
we can therefore neglect these terms and study the
T -matrix with the dominant pole for the propagation
of the dark polaritons alone. Within this regime, we
obtain expressions in function of K and ω
αD(K,ω) =
g2
Ω2c
 1
2
√(
c∆K
g2
)2(
∆ω
2Ω2 + 1
)2
+1
+
1
2
,
kD(K,ω) =
g2
2∆c
1 + ∆ωΩ2 −
√
1 +
(
c∆K
g2
)2 (
∆ω
2Ω2 + 1
)2
1 + ∆ω/(2Ω2)
.
Furthermore, we are interested in scattering processes
where the incoming momentum is on-shell and
describes two dark polaritons, thus, the incoming
momentum ~k′ reduces to ~kD with conserved energy
~ω and center of mass momentum ~K. Then, the
equation for the T -matrix can be analytically solved
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and takes the form
TkD(r) = V
eff(r)eikDr exp
[
−iαD
~
∫ r
−∞
dz V eff(z)
]
. (11)
With the relation (8) between the scattering wave
function and the T -matrix, the final result for the phase
shift due to the collision of the two dark polaritons
takes the form
ψsskD(r) =
1
1− χ¯V (r)e
ikDr exp
[
−iαD
~
∫ r
−∞
dzV eff(z)
]
=
{
eikDr r → −∞
eiϕeikDr r → ∞ (12)
with the phase shift
ϕ = −αD
~
∫ ∞
−∞
dz V eff(z). (13)
Note, that the wave function is strongly suppressed
within the blockade region |r| < ξ due to the blockade
phenomena quenching two Rydberg excitations at
short distances. In the presented leading order, the
scattering into additional channels is suppressed and
therefore we obtain only a phase shift. The phase
shift contains an imaginary part accounting for the
losses during the scattering process by spontaneous
emission from the intermediate p-level. Performing the
remaining integration for a microscopic van der Waals
interaction, the phase reduces to
ϕ(K,ω) = αD(K,ω)
2pig2ξ(−sgn[C6]∆)1/6
3c|∆|1/6∆ ( ∆ω2Ω2 + 1)7/6 . (14)
Note, that the phase still depends on the center of
mass momentum and the total energy, and therefore,
we expect a weakly inhomogeneous phase shift for a
wave packet. The leading contribution is determined
on the two-photon resonance, i.e., ω = 0 and K = 0,
where the solution agrees with [75]. For γ  |δ| the
exponent ϕ simplifies to
φ+ iη =
2pig2ξ
3δc
(
1 + i
5
6
γ
δ
)
, (15)
where φ describes the coherent phase shift and can be
expressed using optical depth κξ per blockade radius,
φ = (pi/3)κξγ/δ. In turn η denotes the losses via
spontaneous emission from the p-level and therefore
provides a reduction of the outgoing wave function,
i.e.,
β2γ = e
−2η ≈ 1− 2η . (16)
The βγ is the main contribution to the reduction of
the gate fidelity, and it requires the far detuned regime
|δ|  γ in combination with large optical depth per
blockade radius.
Scattering into additional open channels— Next,
we continue with a detailed analysis of all additional
contributions leading to a reduction of the gate fidelity.
We start with the study of the influence of the
additional poles in the two polariton propagator χ,
see Fig. 2. These poles describe additional open
channels characterized by the relative momenta kj .
Therefore, the interaction between the polaritons leads
to scattering of the incoming dark polaritons into
these open channels. Consequently, the outgoing wave
function takes the form
ψsskD(r) = βsce
iϕeikDr +
4∑
j=1
je
ikjr, (17)
with |βsc|2 a reduced probability to remain in the
dark polariton state, and |j |2 a probability to be in
the other channel. The analysis can be performed
straightforwardly in lowest order perturbation theory
in αj/αD. Then, the correction δT to the T -matrix is
determined by the equation
δTkD(r) = −
iαD
~
V eff(r)eikDr
∫ r
−∞
dze−ikDzδTkD(z) (18)
−
4∑
j=1
iαj
~
V eff(r)
∫ r
−∞
dzeikj(r−z)TkD(z).
The general solution takes the form
δTkD(r) =
4∑
j=1
αj
αD
{
eikjrV eff(r)
∫ r
−∞
dzei(kD−kj)z∂zeiθ(z)
− TkD(r)
∫ r
−∞
dz
∫ z
−∞
dyei(kj−kD)(z−y)∂ze−iθ(z)∂yeiθ(y)
}
,
where θ(z) = −αD
∫ z
−∞ dyV
eff(y)/~. The first term
describes the weight in the additional open channels,
i.e.,
j =
αj
αD
∫ ∞
−∞
dz ei(kD−kj)z∂zeiθ(z) (19)
whereas the second term accounts for the reduction of
the outgoing dark polariton state, and can be written
in leading order αi/αD as
1− |βsc|2 =
2
4∑
j=1
αj
αD
∣∣∣∣∫ r−∞dz
∫ z
−∞
dyei(kj−kD)(z−y)∂ze−iθ(z)∂yeiθ(y)
∣∣∣∣ .
In order to estimate the value of the suppression, it
is sufficient to focus on the resonant regime with ω = 0
and K = 0. Then, the values of momenta kj and the
weight of the residues αj take a simple analytical form.
Specifically, in the experimentally relevant regime with
Ω g, we find that the poles group into pairs of equal
weight
k1 = k2 =
g2
∆c
, α1 = α2 =
g2 + ∆2
4∆2c
, (20)
k3 = k4 = −∆
c
, α3 = α4 =
g2Ω4
4(g2 + ∆2)3c
. (21)
The first two poles describe excitations at high relative
momentum, whereas the second pair of poles at low
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relative momenta which is always strongly suppressed
for slow light polaritons, see Fig. 2. Therefore, the
reduction due to the scattering into the additional open
channels can be estimated to satisfy the inequality
|βsc|2 & 1− φ2|2α1/αD| = 1− φ2 Ω
2
|∆|2
|∆|2 + g2
2g2
. (22)
This term is suppressed for Ω |∆|, which provides an
additional constraint on the experimental parameters.
Wave packet propagation— The next step is to
study the influence of realistic wave packets onto the
gate fidelity. There are two different contributions:
First one is a distortion of the wave packet due to the
non-linear corrections to the dispersion relation of the
dark polariton, which is also present for noninteracting
polaritons. Second contributions comes from the
dependence of phase factor ϕ on K and ω leading to
the longitudinally inhomogeneous phase shift for wave
packets. In the following, both phenomena will be
discussed in detail.
The right and left moving photonic wave packets
inside the homogeneous atomic media are described by
the slowly varying envelope for the electric field,
E±(z, t) =
∫
dν
2pi
E±(ν) exp[±ip(ν)(z − L±)− iνt]. (23)
Here, E±(L±, t) describes the electric field of the
incoming photonic wave packet at the boundary of the
atomic media with L = L+−L− the length of the media,
see Fig. 1. In addition, the momentum ~p(ν) of a
polariton is related to frequency ν by the dispersion
relation for dark polaritons. The momentum exhibits
the general form
p(ν) = ν
g2 + Ω2 + ∆ν − ν2
c (Ω2 + ∆ν − ν2) ≈
ν
vg
− ~ν
2
2mv3g
, (24)
which in the experimentally relevant regime close to
the EIT resonance is well described by the slow light
velocity vg = cΩ
2/g2 and the effective mass m =
~g4/(2c2∆Ω2). The mass leads to a wave packet
dispersion as well as losses from the intermediate p-
level due to the imaginary part of the mass. Note that
even though it looks as if the mass term contributes
to the dynamics of the pair of polaritons, the physics
is more subtle. Namely, in Eq. 6 we showed that
two-photon-dynamics for conserved K,ω has a linear
dependence on the relative momentum [which allows
simple analytical solution, Eq. 11]. However, a
conserved relative momentum kD is a function of K,ω
and m which corresponds to Eq. 24 which we analyze
here.
The probability for the polariton to pass through
the media is given by
P± =
∫
dν
2pi
|E±(ν)|2e−2p′′(ν)L , (25)
where p′′(ν) denotes the imaginary part of p(ν). There-
fore, the dipolar interaction between two polaritons
leads to two effects: first, a weak shift for the scat-
tering phase ∆φ due to the averaging over different
energy and momentum states, secondly, a reduction in
the gate fidelity βwp. Both quantities are determined
by the equation
βwpe
i∆φ =
∫
dν1dν2
(2pi)2
|E+(ν1)E−(ν2)|2e−2L[p′′(ν1)+p′′(ν2)]
× exp [iϕ(K,ω)− iφ+ η)] . (26)
It is important that ϕ(K,ω) depends on the total
energy ~ω = ~ν1 + ~ν2 and the center of mass
momentum ~K = ~p(ν1)− ~p(ν2).
In order to illustrate the phenomena of the wave
packet propagation, we focus on a Gaussian incoming
wave packet
E±(ν) =
exp
[−ν2/2σ2]
(piσ2)1/4
(27)
with a small bandwith σ  Ω2/|∆|. Then, it is
sufficient to keep the leading quadratic corrections in
ω and K. First, the impact on the fidelity simplifies to
βwp = P+P− exp
[
−49
2
φ2
(
σ|∆|
12Ω2
)2]
, (28)
with
P± = exp
[
−2Lg
2
δc
(
δσ
Ω2
)2
γ
δ
]
. (29)
Second, the shift in the coherent phase reduces to
∆φ =
19
2
φ
(
σ|∆|
12Ω2
)2
. (30)
Impact of atomic distribution— Additional con-
tribution to the fidelity comes from the inhomogene-
ity of the atomic distribution. To illustrate this ef-
fect, we consider Gaussian atomic distribution nat(z) =
n0 exp
[−z2/L2], where L characterizes the cloud’s
length. In the relevant regime of ξ  L, the scat-
tering phase shift depends locally on the atomic den-
sity at which two polaritons interact with each other.
Inside the medium photons are compressed to the size
σz = cΩ
2/(g2σ), where g in this paragraph denotes the
value of collective coupling at the center of the cloud.
For short photons σz  L, the corrections to the fi-
delity and phase shift take the form [67]
βate
i∆φat = 1− iφ
( σz
2L
)2
− 3
2
φ2
( σz
2L
)4
. (31)
This puts additional constraint on the length of the
medium: L  σz.
Transversal size of the photons— Two colliding
wave-packets in the lowest Laguerre-Gauss mode are
described by E±(z±,R±) = E(z±)u(R±) with u(R) =
exp[−(x2 + y2)/w20]
√
2/pi/w0 where w0 is the probe
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Figure 3. (a) Two-photon wave-function, having finite
transverse size, scatters in center-of-mass (i.e., z−+ z+ = const.
and R+ + R− = const.) frame on the effective potential
V eff(r,R), where R = R+ − R−. (b) Fidelity as a function
of a transverse width σ⊥ for the phase shift φ = pi/2: The drop
of the fidelity for w0/ξ < 0.35 is negligible. Intuitively, due
to the plateauing of V eff , photons experience a homogeneous
transversal phase shift.
beam waist. The interaction potential generalized to a
quasi-1D geometry depends on the relative transversal
distance, V eff(r,R) = V (r)/(1 − χ¯(ω)V (r)), [67]. For
beam waist comparable to the blockade radius, this
leads to the transversely inhomogeneous phase shift
[56, 76, 44]. To estimate the correction to the fidelity,
we neglect transversal part of the photonic paraxial
wave equation [67], which leads to βtr being equal to∣∣∣ ∫ dR+dR−|u(R+)u(R−)|2 exp[iϕ(|R+ −R−|, ξ)]∣∣∣ .
From βtr in the limit of γ/δ → 0 [Fig. 3(b)] we see
that the drop of fidelity can be neglected for w0/ξ .
0.35, which for exemplary experimental parameters,
w0 = 4.2µm, |nS〉 = |100S〉, Ω = γ, and δ = 5γ,
gives w0/ξ = 0.17. Intuitively, the reason for this
behavior is that polaritons interact via V eff(r) which
is nearly constant for the distances shorter than the
blockade radius. It is an important feature of Rydberg
polaritons resulting in the phase shift being nearly
homogeneous also in the transverse direction. Note
that this feature is no longer present in the proposals
based on the pulses propagating in two parallel but
spatially-separated photonic modes [36] and should be
carefully taken into account.
Rydberg lifetime —can be estimated using delay
time L/vg the polariton spends inside the medium
during which it is primarily of Rydberg character,
which leads to βRy = exp[−4γs Lvg ].
Experimental realization— Two-qubit conditional
quantum phase gate (QPG) [77, 2, 78] is universal
because combined with rotations of individual qubits
enables any quantum computation. The QPG
transformation reads
|b, j〉 → exp[iφ δb,↓δj,↓] |b, j〉 , (32)
where |b〉 , |j〉 depict basis states |↑〉 and |↓〉 of the two
qubits of interest and δb,↓δj,↓ are standard Kronecker
Figure 4. Atomic scheme. Assuming repulsive vdW
interactions and choosing δ′′  Ω2/|∆↑| as well as δ↓ < 0 (where
∆↓ = δ↓ − iγ), we avoid Raman resonance for |S〉 and |S′′〉, as
well as, can neglect coupling to |S′′〉 at all. See main text for
additional description.
symbols. It is important to stress that QPG leaves
basis states unchanged except a homogeneous phase
shift φ when both are in |↓〉 state. In order to
implement the gate, it is important that both states
|↑〉 and |↓〉 acquire the same time delay inside the
medium, but only the state |↓〉 becomes a Rydberg
polariton. In Fig. 4, we show the atomic scheme
which satisfies this condition. As a ground state
we take |g〉 = |52S1/2, F = 2,mF = 1〉 from which
we couple with σ+ polarized photons to |p↑〉 =
|52P3/2, F = 2,mF = 2〉, and with σ−-polarized to
|p↓〉 = |52P3/2, F = 2,mF = 0〉. We choose control
field to be σ+ polarized, which ensures that coupling
to any Rydberg s-states from |p↑〉 is zero because
|p↑〉 = 1√2
[|mj = 12 〉|mI = 32 〉 − |mj = 32 〉|mI = − 12 〉] .
Whereas from |p↓〉 we can couple with σ+ control
field to two different s-states (because |p↓〉 =
1
2
[|mj = − 32 〉|mI = 32 〉+ |mj = − 12 〉|mI = 12 〉
− |mj = 12 〉|mI = − 12 〉 − |mj = 32 〉|mI = − 32 〉
]
), from
which we single out one (i.e., |S〉 in Fig. 4) by applying
external magnetic field. For |δ−∆↓|  Ω2 and Ω↑ =
Ω
√
2/3 both polaritons have the same group velocity,
therefore, the time delay inside the medium is the
same. This way the only impact of the interaction on
the qubit state is the phase shift for |↓, ↓〉 state, which
corresponds to |Eˆ+Eˆ−〉 photons in our analysis of the
phase gate fidelity.
Estimate of the optimal parameters for the phase
gate—Based on the estimates of all the detrimental
effects, we numerically find optimal parameters δ and
Ω for fixed C6, g, L and φ in case of
87Rb atoms (for
which γ/pi = 6.1 MHz). A resulting fidelity for |100S〉
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Figure 5. The
√
F including all presented corrections for
φ = pi/2 as a function of collective coupling g and length of
the medium L, with parameters characteristic for experiments
presented in Refs [20, 21]: Lc = 160µm and gc/2pi = 4.4GHz.
All our estimates assume that the corrections are small and a
pulse is long, σzg2/|∆|c  1. Therefore, the estimates are not
valid in the regimes where F drops much below 1, therefore, we
do not plot fidelity there.
state (for which γs/2pi = 2.3 kHz) and φ = pi/2 as
a function of g and L = 2L is presented in Fig. 5.
In order to neglect interaction effects for the entering
and leaving the medium, as well as to ensure that
photons will completely interact with each other, we set
σz = L/8. Some of the corrections are overestimated,
like scattering to other channels, see Eq. 22, and thus
true fidelity can be higher. Presented Fig. 5 shows
that the fidelity of a phase gate is not constrained
fundamentally. Note that our analysis is a good
starting point to find optimal parameters using full
two-photon propagation numerics.
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Appendix A. Corrections due to inhomogeneous distribution of atoms.
Analogously to [55] we can include a shape of atomic distribution in the solution of the two-body
counterpropagating problem. In this section, we will use the notation from [55], i.e., β(x) describes the
amplitude of the polariton to be in a photonic state and is related to the slow light velocity vg = cβ(x)
2,
while n(x) = 1 − β(x)2 is the probability for the polariton to be in the Rydberg state. These quantities are
determined by the atomic density nat(x) via β(x) = Ω/
√
Ω2 + g20nat(x) with g0 the single atom coupling. Then,
the solution of two-body problem
φout(x, y, t) = e−iϕ(x,y)φin(x− ct′, y + ct′) (A.1)
where t′ = t−∆t accounts for the delay of the polaritons inside the medium with ∆t = ∫∞−∞ dy (1/β(y)2 − 1) /c.
The phase factor ϕ describes the correlations built up between the photons during the propagation through the
medium and takes the form
ϕ(z, z′, t) =
1
~c
z∫
z−ct
dw n˜(w)n˜(z + z′ − w)V˜ (z + z′ − w,w) (A.2)
where n˜(z) = n(ζ(z)), V˜ (z, w) = V (ζ(z) − ζ(w)) with the coordinate transformation taking the form
z = ζ−1(x) =
∫ x
0
dy
(
1/β(y)2
)
. For large t and z this integral is equivalent to the integral from −∞ to ∞.
For Gaussian distribution of atoms much longer than the blockade radius, L  ξ, the phase factor ϕ simplifies
to
ϕ(z, z′) =
1
~c
∫
dw n˜
(
z + z′
2
)2
V (ζ(z + z′ − w)− ζ(w)) (A.3)
and can be furthermore transformed using u = z+z
′
2 and y = ζ(u),
ϕ(z, z′) =
1
~c
n˜ (u)
2
∫
dwV (∂uζ(u)2w) (A.4)
ϕ(z, z′) =
1
~c
n˜(u)2
∫
dwV (β(y)22w) (A.5)
The integral can be calculated analytically, leading to
ϕ(z, z′) =
1
~c
n(y)2
2pi
3
ξ
2β(y)2
2Ω2
∆
(A.6)
For g  Ω and compressed pulses shorter than the cloud’s length, we can set n(y) = 1, leading to
ϕ(z, z′) ≈ 1
~c
2pi
3
g20nat(y)
Ω2
ξ
2
2Ω2
∆
(A.7)
For small y, using that u = ζ−1(y) = g
2
0n0
Ω2
√
pi
2 LErf(y/L) + y ≈
(
1 +
g20n0
Ω2
)
y, we can write
y = ζ (u) ≈
(
1 +
g20n0
Ω2
)−1
u, (A.8)
which gives
ϕ
(
u =
z + z′
2
)
= ϕ0 exp
[
−
(uvg
cL
)2]
, (A.9)
from which,
βate
iφ0+i∆φat = lim
t→∞
〈EE∣∣EEV 〉 = lim
t→∞
∫
dz dz′ eiφ0N 2e−(z−z0−ct)2/s2ze−(z′+z0+ct)2/s2z exp
[
iφ0
(
e−(
uvg
cL )
2 − 1
)]
,
where as initial conditions we have chosen two Gaussian wavepackets centered at positions ±z0 with width sz
and normalization factor N . This integral can be calculated analytically for sz/c L/vg, leading to
βate
i∆φat =
(
1 +
iφ0v
2
gs
2
z
2c2L2
)−1/2
. (A.10)
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Expanding it in small parameter
szvg
cL we get
βat = 1− 3
2
φ20
(szvg
2cL
)4
, (A.11)
∆φat = − φ0
(szvg
2cL
)2
, (A.12)
which corresponds to the expressions from the main text because sz = σzc/vg.
Appendix B. Transversal size effects
The propagation of photons within paraxial approximation is described by the Hamiltonian (analogous to Eq. 4)
given by
H± = ~
∫
dz
 Eˆ±(z)Pˆ±(z)
Sˆ±(z)
† ∓ic∂z − c2kp∇2⊥ g0
√
n(z) 0
g0
√
n(z) ∆ Ω
0 Ω 0
 Eˆ±(z)Pˆ±(z)
Sˆ±(z)
 . (B.1)
where kp is the carrier frequency of the probe photons. We are interested in an estimate of leading corrections to
the fidelity, thus we neglect transversal corrections to the dispersion relation of photons.In addition, we consider
atomic distribution broader than the extend of relevant photonic modes, leading to
H± = ~
∫
dz
 Eˆ±(z)Pˆ±(z)
Sˆ±(z)
† ∓ic∂z g0√nat 0g0√nat ∆ Ω
0 Ω 0
 Eˆ±(z)Pˆ±(z)
Sˆ±(z)
 . (B.2)
Then, the solution of interacting two-body problem can be derived analogously to Eq. 11 leading to
ψsskD(r,R+,R−) =
1
1− χ¯V (r)u00(R+)u00(R−)e
ikDr exp
[
−iαD
~
∫ r
−∞
dzV eff(|R+ −R−|, z)
]
(B.3)
where r = {r,R = R+−R−} with r being the longitudinal component of relative distance, and R± are transverse
components of the z± (z± corresponds to z in Eq. B.2 for two directions of the propagation). u00 is the lowest
Laguerre-Gauss mode describing transverse shape of the incoming photons (in the main text u00 is denoted by
u). This solution in the limit of r →∞ leads to the expression for βtr from the main text.
Appendix C. Summary of the corrections to the fidelity
βj estimate
βγ e
−2η, with η = φ 56
γ
δ
|βsc| 1− φ2 Ω2|∆|2 |∆|
2+g2
4g2 ,
βwp P+P− exp
[
− 492 φ2
(
σ|∆|
12Ω2
)2]
, where P± = exp
[
−2Lg2δc
(
δσ
Ω2
)2 γ
δ
]
βat 1− 32φ2
(
σz
2L
)4
.
βtr F(w0/ξ)
βRy e
−4γsL/vg
Table C1. Summarizing table of analyzed contributions to the fidelity.
In the TAB. C1 we sum-up all the estimates for the corrections to the phase gate fidelity F , given by Eq. 3.
In order to generate results presented in Fig. 5 and Fig. D1, we maximize the value of
√
F for fixed w0, φ,C6 in
function of g, L, by finding optimal detuning δ. Then, the value of Rabi frequency Ω is fixed by the constraint
on φ.
Appendix D. Results for alternative definition of fidelity: conditional-fidelity
In Fig. D1 we show the conditional-fidelity
√
Fcond which contains all presented corrections except single body
losses (i.e. we set P± = 1 and βRy = 0) for parameters as in Fig. 5.
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0.93
0.94
0.95
0.96
0.97
0.98
0.99
Figure D1. The
√
Fcond which contains all presented corrections except single body losses (i.e. we set P± = 1 and βRy = 1) for
parameters as in Fig. 5.
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